This paper presents fractional order system modeling and control for a permanent magnet synchronous motor (PMSM) velocity servo system. Fractional order model of the PMSM velocity servo system is obtained theoretically for an improved modeling precision. In order to identify the parameters of the proposed fractional order model, an enhancement of the classic Levy identification method with weights is applied. In a real-time PMSM velocity servo plant, the fractional order model is identified according to the experimental tests using the presented algorithm. The fact that the fractional model is more accurate than traditional integer order model is substantiated using by the mean square error performance index. Two H ∞ stabilizing output feedback controllers are designed for velocity servo using a simple scheme according to the identified fractional order model and the traditional integer order one, respectively. The experimental test performance using these two designed H ∞ controllers is compared to demonstrate the advantage of the proposed fractional order model of the PMSM velocity system.
INTRODUCTION
In recent years, studies of fractional calculus and its applications in various areas of sciences, engineering and industry have increased significantly, among which fractional order system control is an active area of research and development [1] [2] .The advantages of using fractional calculus in control applications are closed related to the the precision of modeling a system using fractional which has the memory and hereditary effects [3] [4] [5] . Thus the fractional calculus has been used for modeling in different application fields. Identification in the frequency domain is a particular case with great interest in applications [6] . For example, the memory effect in capacitor and inductor can be modeled by fractional derivative. Numerical experimental examples and measurements are shown to verify the fractional order characteristics of inductor [7] [8] .
Permanent magnet synchronous motors(PMSM) have been widely used in high precision motion control applications. The modeling and control of PMSM servo system can be found in many literatures [9] [10] . Since the energy storage elements such as capacitor and inductor have the fractional order characteristics [11] [12] , the precise model of PMSM plant which includes the inductor should also be with fractional order characteristics. With the fractional order system identification method in time domain, a fractional order model of the PMSM velocity servo system is presented in [13] . It is known that fractional order operator is a kind of non-local operators with infinite dimensional characteristics [14] . Therefore, in the time domain, large amount of data needs to be collected for the fractional order dynamics as shown in [13] .The frequency domain method is be used to identify fractional order system has two advantages, one is that it can avoid the difficulty of collect a large amount of data in the time domain. Moreover, a lot of mature theory and method in frequency domain identification for integer order system can be learned.
In this paper, a fractional order model is proposed for PMSM velocity control system, the effects of the two fractional orders in the model are discussed. A frequency domain system identification method is presented for the proposed fractional order system modeling. Frequencies responses data from real-time experimental tests are collected and the system identification method based on enhancing Levy identification algorithm with weights is presented. Two H ∞ stabilizing output feedback controllers for PMSM velocity servo are designed using a simple scheme according to the identified fractional order model and the traditional integer order one, respectively. The experimental velocity tracking performance using these two designed H ∞ stabilizing output feedback controllers is compared to demonstrate the advantage of the proposed fractional order model of the PMSM velocity system.
The major contributions of this paper include: (1) Fractional order model of the PMSM velocity servo system is obtained theoretically; (2) the fractional order model is identified according to the experimental tests using the system identification algorithm based on enhancing Levy identification method with weights; and (3) the fact that the fractional model is more accurate than traditional integer order model is demonstrated using the mean square error (MSE) performance index; This paper is organized as follows: Sec. 2 presents the fractional order model for the PMSM velocity servo system. In Sec. 3, the new system identification scheme with weights enhancement based on the Levy identification method is discussed. The process of fractional order system identification is shown in Sec. 4. In Sec. 5, two H ∞ stabilizing output feedback controllers are designed with the same scheme according to the identified fractional order model and the traditional integer order one, and real-time experimental results are presented to demonstrate the advantage of the proposed fractional order model. The conclusion is given in Sec. 6.
Fractional Order Model for PMSM Velocity Servo System
According to the motor control theory, three-phase PMSM control can be similar to DC motor control by applying the space vector pulse width modulation (SVPWM) control strategy [15] , as shown the equivalent circuit of synchronous motor in Fig.1 [16] . Assuming the current of main circuit is continuous, the dynamic voltage equation is as following:
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where U d is the armature voltage, R is the stator resistance, I d is the armature current, E is the back electromotive force (BEMF). Ignore the viscous friction and elastic torque, the dynamic equation of motor shaft is [17] T
where T e is electromagnetic torque, T L is load torque of the motor , GD 2 is electric drive systems convert to the motor shaft of the flywheel moment of inertia [17] . Back electromotive force E and electromagnetic torque T e can be expressed as:
where C e is the electromotive force coefficient of motor, and C m is the torque constant and C m = 30 π C e , substituted into equation (1) and (2), we can get
where T l is the electrical time constant and T l =
, T m is the mechanical time constant and T m = GD 2 R 375CeCm
. I dL is the external load current and
Under zero initial conditions, take the Laplace transformation on either side of the equation (5), the transfer function between the voltage and current is
From equation (6), we can get the transfer function between the current and electromotive force as Considering the velocity of motor n = E Ce , the dynamic block diagram of direct current motor is shown in Fig. 2 . The transfer function of PMSM velocity control system can be expressed as an integer model as follows:
In [11] , a fractional model is identified to describe a three-dimensional network consisting of resistive and capacitive elements distributed across several interconnected layers. Meanwhile, considering the fact that the electrical characteristics of capacitor and inductor are fractional [8] , the fractional order model of PMSM velocity control system is proposed as follows:
where ζ and ϑ are fractional orders. After the Laplace transform, the transfer function of PMSM velocity control can be expressed as
With fractional order ζ and ϑ changing from 1 to 0.1 in equation (12), the step response of integral and inertial element become faster, as shown in Fig.  3 . In section 5 of experimental validation, this characteristic is validated on the experimental platform setup. 
Step response of inertial element. Step response of two elements for the PMSM fractional model.
Referring to the concept of continuous distribution order [18] , the general fractional system can be transformed into commensurate order fractional system. Consequently, the equation (12) can be expressed as
Here, a 1 , a 2 , b 0 , and q are the parameters to be identified. Applying this fractional order model (13) , it is estimated that the characteristics of PMSM velocity control dynamics can be described more accurately over the traditional integer order model (9) since this fractional order feature in model (13) is closer to the nature of the components in PMSM [19] [20].
System Identification of the Fractional Order Model

Fractional Order System Identification with Basic Levy's Method
According to the PMSM velocity servo system (13), the general transfer function of this fractional order model can be presented as,
where m and n are zero or positive integers, and q is a positive fractional order number. Without loosing generality, we set a 0 = 1. The frequency response of (14) iŝ
α,β, are the real and imagine parts of numerator N respectively; σ,τ are the real and imagine parts of denominator D respectively; So, we have
The error between the identified model and the real plant, for a given frequency ω, will be
Minimizing this error for an accurate system model identification would be an obvious but difficult way by adjusting the parameters in (14) . Instead of this, Levy's method minimizes the square of the following norm [22] :
Omitting the frequency argument ω to simplify the notation, we have
Since |E| 2 = EE * , and
, in order to get the minimal norm of E, we can get the following partial derivative equations with respect to one of the coefficients
From (15), it can be seen that (ω) , Omitting the frequency ω to simplify the notation, (20) and (21) 
The results of Levy's method are not equally good at all frequencies [21] , but this last step helps address the problem. With ±j = e ±j(π/2) and e jx = cosx + jsinx, we can get e jx + e −jx = 2cosx. So,
Inserting (25), (26) and (27) into (24), we have
Theoretically, data from only one frequency suffice to modeling the plant. But in practice, due to the noise and other system uncertainties, one frequency behavior of the plant cannot be trusted as the real frequency behavior of the plant in the whole frequency domain. Therefore, in order to get an accurate system model, the data with f frequencies are used for the system identification as shown in following equations:
Fractional Order System Identification with Weights Enhancement
The reason we use the weights enhancement is to counterbalance a known issue of Levy's method which leads to the identified model well fitting in high frequency range but poor fitting in low frequency range [23] [24] .
Therefore, we apply the enhancement by weighting each frequency dependent weight w(ω g ) def = w g . When the weights enhancement is used, system (28) for a frequency ω g becomes
The way to find reasonable values for weights is [21] 
J is the mean square error (MSE) performance index given by
Frequency Domain Identification for the Fractional Order Model
Introduction to the Experimental Platform for System Identification
In this paper, a PMSM velocity control experimental platform is applied for the system identification of the proposed fractional order model and the control performance verification. As shown in Fig. 4 , the Space Vector Pulse Width Modulation (SVPWM) [25] control scheme is applied for the PMSM control with sine wave voltage input signal. This SVPWM control is a scheme using 3-phase power inverter. This 3-phase inverter consists of three groups of power insulated-gate bipolar transistor (IGBT) power transistors. The details of the SVPWM control with 3-phase inverter are introduced in [15] . The motor speed is measured by the optical encoder mounted on the PMSM. The parameters of the PMSM applied in this platform is shown in Table 1 . The real-time PMSM velocity control experimental platform is also presented for the control performance experimental validation. As shown in the 
Frequency Domain Identification from Real-time Experiment
In fact, the essence of motor plant model is a low-pass filter, the definition of frequency domain range is depend on the applications. We choose 10 points in frequency range [0.1, 100], such as 0.1Hz, 0.5Hz, 1Hz, 2Hz, 5Hz, 10Hz, 20Hz, 50Hz, 80Hz, and 100Hz. The exact frequency responses of PMSM were recorded.
As shown in the Fig. 5 , the code composer studio (CCS) software is used to record the input and output signals simultaneously. For example, fig.  6 shows speed response of the PMSM with input voltage sinusoidal waves, where the amplitude of voltage is 31V, and frequency equals to 10Hz. So we can get A 6 = 20 * lg(48/31) = 3.79, and φ 6 = −79.74
• . In order to decrease the influence of random errors, the experiment is repeated 10 times on each frequency and took the average. Table 2 are presented for frequencies in the following range ω ∈ [0.1, 100], to show the data for the system identification. Meanwhile, the results in Table 2 are illustrated in fig. 8 with stars.
Considering the fractional transfer function of PMSM velocity servo system (13) and the generalized form (14) , it can be obtained m = 0, n = 2 in (14) . Then the identification methods introduced in Section 3 can be applied. We choose f =10 and the definition range q = (0, 1] with 0.01 interval, there- 
(34) 
(35) With q = 0.01, 0.02, 0.03, · · · 1, Fig.7 shows the relationship between the MSE performance index J and fractional order q.
From fig.7 , it can be seen that when q=0.87 with the parameters a 1 = 0.097, a 2 = 0.00078, and b 0 = 6.28, we can get the minimum of MSE performance index J = 6.2 × 10 −4 . Therefore, the fractional order model for the PMSM velocity servo system is identified as The results show the error of loop gain and fractional order are small between this fractional order model and the one in [13] , as the internal structure of the machine is almost the same. Due to the nominal parameters of the PMSM are different, the coefficients of the denominator are not the same.
Experimental Validation
Experimental Setup
In order to verify that the identified fractional order model (36) of the PMSM velocity system is more precise than the traditional integer order one (37), the experimental validation is implemented with the block diagram as shown in Fig.9 . Two H ∞ stabilizing output feedback controllers are designed for velocity servo system using the same simple scheme according to Fractional model of (36) Integer model of (37) Figure 8 : Bode diagrams of the identified models with the identification data in Table 2 .
the identified fractional order model and the traditional integer order one, respectively.
K(s) is the transfer matrix of a fractional order dynamic output feedback controller with pseudo-state space representation,
The pseudo-state space representation of G(s) is
The general control configuration for this H ∞ problem is derived by following theorem [26] [27]: Fractional order system (39) of order v is BIBO stabilizable by output feedback control law (38) and T andD ∈ R nu×ny such that LMI is feasible with
According to the fractional order model (36), with fractional order v = 0.87, we can get
Constraints W 1 (s) and W 2 (s) have respectively been added on the closed loop sensitivity function S(s) from w to ε , and on the complementary sensitivity function T(s) from w to y as shown in Fig.9 . The closed-loop system sensitivity functions must verify
This is equivalent to 
Solver SDPT3 [28] is used to solve LMIs associated to theorem and thus to obtain controller K 1 given by relation (38) with (47) Relation (43) on the sensitivity functions is respected as shown in fig.10 . According to the integer order model (37), with integer order v = 1, we can get
Solver SDPT3 [28] is used to solve LMIs associated to theorem and thus to (49) For the real-time experimental results, the speed responses with three reference speed inputs ω * r = 400rpm, 800rpm and 1200rpm, using the designed controllers K 1 and K 2 are presented in Fig.11 , respectively. The red lines are the responses using K 1 controller based on the fractional order model, the blue lines are that using K 2 controller based on the integer order model. The main performance indicators are listed and compared in Table 3 , where δ is the overshoot, and t s is the settling time with steady-state error within 5%. From the experimental comparison in Fig.11 , it can be concluded that overall frequency range the real-time PMSM velocity servo system control with the identified fractional order model outperforms that with the identified traditional integer order model on velocity tracking performance.
Conclusion
In this paper, a fractional order model for a PMSM velocity servo system is suggested together with a system identification method. The fractional order model extends the traditional integer order model for the PMSM velocity servo system. The Levy system identification scheme in frequency domain is applied with an improvement scheme using weighting factors. This system identification scheme is applied for the system identification of the proposed fractional order model. Experimental data is used for demonstration that the fractional order model fits much better for the system identification frequency data over the integer order model. This may be explained by the nature of the distributed parameter system of the electromagnetism coupling thus may not be captured by integer finite order modeling while a fractional order modeling can offer potential to perform a better fitting. After the model parameters are estimated with real-time experimental results, two H ∞ stabilizing output feedback controllers are designed according to the identified fractional order and integer order models. The advantage of the proposed fractional order model over traditional integer order one is demonstrated by the fair experimental performance comparison.
